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We investigate the cosmological consequences of a simple dilaton theory in which the electric charge
e is allowed to vary. The theory is locally gauge and Lorentz invariant, and satisfies general covari-
ance. We find that in this theory α remains almost constant in the radiation era, undergoes small
increase in the matter era, but approaches a constant value when the universe starts accelerating
because of the presence of a positive cosmological constant. This model complies with geological,
nucleosynthesis, and CMB constraints on time-variations in α, while fitting simultaneously the ob-
served accelerating universe and the recent high-redshift evidence for small α variations in quasar
spectra. Further tests of this model are proposed.
There is renewed interest in cosmological theories
where the traditional constants of Nature can vary in
space and time. Theoretical interest is motivated by
string and M-theories in which the true constants exist in
more than 3+1 dimensions and the eective (3+1)− di-
mensional constants can display cosmological variations
in time and space. The most observationally sensitive
’constant’ is the electromagnetic ne structure constant,
α = e2/hc, and recent observations motivate the for-
mulation of varying-α theories. The new observational
many-multiplet technique of Webb et al, [1], [2], exploits
the extra sensitivity gained by studying relativistic tran-
sitions to dierent ground states using absorption lines
in quasar (QSO) spectra at medium redshift. It has pro-
vided the rst evidence that the ne structure constant
might change with cosmological time [1{3]. The trend of
these results is that the value of α was lower in the past,
with α/α = −0.720.1810−5 for z  0.5−3.5.Other
investigations have claimed preferred non-zero values of
α < 0 to best t the cosmic microwave background
(CMB) and Big Bang Nucleosynthesis (BBN) data at
z  103 and z  1010 respectively [4,5].
A varying α may be closely related to a varying speed
of light (VSL), [6{8], which is of interest because it ap-
pears to solve the cosmological problems resolved by in-
flation, together with some other problems [9]. VSL the-
ories are usually associated with breaking of Lorentz in-
variance (but see [11]). A less radical approach is to
attribute varying α to changes in the fundamental elec-
tron charge, e. Bekenstein [12] gives an example of a
consistent varying-e theory which preserves local gauge
and Lorentz invariance, and is generally covariant. This
is a dilaton theory with coupling to the electromagnetic
\F 2" part of the Lagrangian, but not to the other gauge
elds. The approach adopted is only a matter of con-
venience in the choice of units: they are observationally
indistinguishable [7,10,13].
Another remarkable set of recent observations is of
Type Ia supernovae in distant galaxies. These data
have extended the Hubble diagram to redshifts, z  1
[14]. They imply an accelerated expansion of the uni-
verse. When combined with CMB data, the super-
novae observations favour a flat universe with approxi-
mate matter density, Ωm  0.3 and vacuum energy den-
sity, ΩΛ  0.7. Studies have attempted to determine
whether quintessential scalar elds could explain both
cosmological dark matter and the recent acceleration of
the universe, [15{19].
We will not here attempt to explain the acceleration of
the universe. Instead, we show that by applying a gener-
alisation of Bekenstein’s varying-e theory in a cosmologi-
cal setting including the cosmological constant, , we are
able to explain the magnitude and sense of the observed
change in α. We will show that since the change in e is
driven only by electrostatic Coulomb energy, its variation
will cease when  takes over the expansion. This gives
a decelerated rate of change in α, just as the universe
starts to accelerate, in accord with both data sets. The
only energy scale we introduce is of the order of Planck
scale, which also makes our model attractive. This model
may be seen as a more conservative alternative to [20],
where a VSL scenario was proposed which could explain
the observed acceleration of the universe and variations
in α, as well as their remarkable coincidence in redshift
space.
Bekenstein’s original theory takes c and h to be con-
stants and attributes variations in α to changes in e,or
the permittivity of free space. This is done by letting
e take on the value of a real scalar eld which varies in
space and time e0 ! e = e0(xµ), where  is a dimension-
less scalar eld and e0 is a constant denoting the present
value of e. This means some well established assump-
tions, like charge conservation, must give way [21]. Still,
the principles of local gauge invariance and causality are
maintained, as is the scale invariance of the  eld.
Since e is the electromagnetic coupling, the  eld cou-
ples to the gauge eld as Aµ in the Lagrangian and the
gauge transformation which leaves the action invariant is
Aµ ! Aµ +χ,µ, rather than the usual Aµ ! Aµ +χ,µ.




((Aν),µ − (Aµ),ν) , (1)
which reduces to the usual form when  is constant. The
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as in dilaton theories. Here, l is the characteristic length
scale of the theory, introduced for dimensional reasons.
This constant length scale gives the scale down to which
the electric eld around a point charge is accurately
Coulombic. The corresponding energy scale, hc/l, has
to lie between a few tens of MeV and Planck scale,
 1019GeV to avoid conflict with experiment.
Consider Bekenstein’s theory in the cosmological set-
ting suggested by the recent supernovae results. To
make calculations easier, we invoke a transformation in-
troduced in ref. [22]. By dening an auxiliary gauge
potential aµ = Aµ, and eld tensor fµν = Fµν =
∂µaν − ∂νaµ, the covariant derivative takes the usual
form, Dµ = ∂µ + ie0aµ. The dependence on  in the La-
grangian then occurs only in the kinetic term for  and
in the F 2 = f2/2 term. This simplies the variational
problem enormously. To simplify further we change vari-





p−g (Lgrav + Lmatter + Lψ + Leme−2ψ ,
(4)
where Lψ = −ω2 ∂µψ∂µψ, ω is a coupling constant,
and Lem = − 14fµνfµν . The gravitational Lagrangian
Lgrav = 116piR is the Einstein-Hilbert Lagrangian with R
the curvature scalar. Our theory generalises Bekenstein’s
approach by including the eects of the varying  (or ψ)
eld on the gravitational dynamics of the expanding uni-
verse. The scalar eld ψ plays a similar role to the dilaton
in the low-energy limit of string and M-theories, with the
important dierence that it couples only to electromag-




p−g (Lgrav + Lmattere−2φ + Lφ (5)
where φ is the dilaton and Lmatter contains the other
matter and radiation constituents of the universe. If the
scalar eld φ couples to all the matter then the strong and
electroweak charges can also vary with xµ. These simi-
larities highlight the deep connections between eective
fundamental theories in higher dimensions and varying-
constant theories, [23].
To obtain the cosmological equations we vary the ac-










and vary with respect to the ψ eld to give the equations
of motion for the eld that carries the α variations:
2ψ = − 2
ω
e−2ψLfreeem . (7)
It is clear that the f2 in Lfreeem vanishes for a sea of
pure radiation since then f2 = E2 − B2 = 0. For non-
relativistic matter, we can neglect the magnetic energy
since it is only a very tiny fraction of the total electro-
magnetic energy. The only signicant contribution to a
variation in ψ is from the Coulomb energy. This sug-
gests a negligible change in e in the radiation epoch,
a fact conrmed by our numerical calculations. In the
matter epoch, where the universe is dominated by non-
relativistic matter, electrostatic energy drives a change
in e.
In order to make quantitative predictions we need
to know how much of the non-relativistic matter con-
tributes to the RHS of Eqn. (7). This is parametrised by
ζ  ρem/ρmatter. In [12], ζ was estimated to be around
1%. However, if we choose to model the proton as a
charged shell of radius equal to the estimated proton ra-
dius, the fraction would be lower, approximately 0.19% .
Also, the value of ζ needs to be weighted by the fraction
of matter that is non-baryonic, a point ignored in the lit-
erature [12,24]. Hence, the total ζ depends strongly on
the nature of the dark matter. BBN predicts an approx-
imate value for the baryon density of ΩB  0.0125h−20 ,
or ΩB  0.03% with a Hubble parameter of h0  0.6.
Since we believe the total matter density to be Ωm  0.3,
this would mean that only about 1/10 of matter is bary-
onic and couples to changes in e. Thus, we should as-
sume values for ζ ranging from 0.02% to 0.1%, if the cold
dark matter is allowed to have little or no electrostatic
Coulomb component. If this is not true, then ζ could
have a much higher value.
Assuming a spatially-flat, homogeneous and isotropic
Friedmann metric with expansion scale factor a(t) we




















ρm(1 + ζe−2ψ) + 2ρre−2ψ + 4ρψ − 2ρΛ

(9)
where the cosmological vacuum energy ρΛ is a constant
that is proportional to the cosmological constant  
8piGρΛ, and ρψ = ω2
_ψ2. For the scalar eld we get




where H  _a/a. By dierentiating eq.(8) and substitut-
ing eq.(9), we get conservation equations for the non-
interacting radiation, and matter densities ρr and ρm,
respectively:
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FIG. 1. Cosmological evolution from radiation domination
through matter domination and into lambda domination with
coupling ω = 1. The first graph plots the α(t) as a function of
the redshift z. The second graph plots the effective equation
of state for the universe, w = p/ρ, versus z. The variable
α ≡ e2ψ/(h¯c) increases in the matter era, but approaches a
constant as Λ takes over the expansion.







FIG. 2. The data points are the QSO results for the chang-
ing α(z) reported in refs. [1–3]. The solid line is the theoreti-
cal prediction for α(z) in our model with ζ/ω = 0.06%. The
top and bottom lines correspond to choices ζ/ω = 0.1% and
ζ/ω = 0.02% respectively
_ρm + 3Hρm = 0 (11)
_ρr + 4Hρr = 2 _ψρr. (12)
This last relation can be written as _~ρr + 4H ~ρr = 0, with
~ρr  ρre−2ψ / a−4. Eq. (10) may be expressed in terms
of the kinetic energy density of the ψ eld, ρψ = ω _ψ2/2,
to give







The ψ eld behaves like a sti Zeldovich fluid with ρψ /
a−6 when the RHS vanishes.
Eqns. (8-13), govern the Friedmann universe with
time-varying α = exp(2ψ)/hc. They depend on the
choice of the parameter ζ/ω. We evolve these equations
numerically from early radiation-domination, through
the matter era and into vacuum domination by ρΛ. Fig. 1
shows the evolution of α with redshift in this model, for
ζ/ω = 0.02, 0.06, 0.1%. We see that given the uncertain-
ties in the total ζ discussed above, it is possible to t the
data with ω = 1, so that the theory’s new length scale is
the Planck length.
We note that ψ and α remain almost constant during
early radiation domination where baryonic species be-
come relativistic. In the matter epoch, ψ and α increase
slightly towards lower redshifts, but tend to constant val-
ues again once the universe starts accelerating, and 
dominates. This  eect reduces variations in α during
the last expansion time of our universe where the local
geonuclear eects of varying α are strongly constrained
by observations, [26,27], while allowing the cosmological
variations observed by [1{3] at redshifts, z  0.5 − 3.5,
where the eects of  on the expansion progressively di-
minish. In Figure 2 we plot the predicted change in α
and the binned QSO data from refs. [1{3].
In view of the special α(z) variation produced by the
cosmic acceleration there is agreement with all labora-
tory, geological and astrophysical constraints on varying-
α deriving from the last expansion time (cf., [25], [26],
[27], [24]). Notice also that the supernovae luminosity
data are tted by our model, since ψ aects the cosmo-
logical expansion very little, and its direct eect upon the
luminosities of astrophysical objects is negligible. Hence,
our Hubble diagram is precisely the same as that of a
universe with constant α and Ωm  0.3 and ΩΛ  0.7.
Our model also meets constraints from BBN, since BBN
occurs deep in the radiation epoch, z  109 − 1010,when
α is predicted to be only 0.028% lower than today. The
standard BBN scenario can withstand variations in α of
the order of 1% without contradicting observations (see
[4] and references therein). The value of α at CMB de-
coupling, z  1000 in our model is only  0.02% lower
than today, compatible with all CMB observations, [4,5],
which place an upper bound of a few percent. However,
the variations we predict are close enough to these lim-
its to hold out the possibility of observational test in
the future by more detailed calculations of the eects on
3
BBN and the CMB, and more precise data. Low-redshift
observations of molecular and atomic transitions [28] can
provide important information about the value of α close
to the redshift where acceleration commences, zΛ  0.3,
if the isotope evolution uncertainty can be reduced (see
[29]).
Spatial variations of α are likely to be signicant [30].
This model makes rm predictions on how α varies near
local massive objects. Linearising eq. (7) and following
the calculation of [31], one nds that relative variations











where M is the mass of the compact object, and r its
radius. On extragalactic scales the CMB temperature
anisotropy T/T  GM/r would lead us to expect large-
scale spatial gradients of order α/α  10−8. More lo-
cally, one would need an object not larger than some
tens of Schwarzschild radii for the eect on α(r) to be
observable with current technology. However with im-
proved technology, one might nd less demanding candi-
dates. An independent low-z test of the eects seen by
[1,2] could ultimately be provided by the detection of a
α 6= 0 eect from the ne structure of stellar spectral
lines. The exact relation between the change in α with
redshift and in space (near massive objects) is model de-
pendent [31], but eq.(14) provides the exact prediction
for the simple varying-α theory considered in this paper.
In summary, we have shown how a cosmological gener-
alisation of Bekenstein’s theory of a varying e can natu-
rally explain the reported variations in the ne structure
constant whilst satisfying all other observational bounds.
The onset of  domination is shown to be closely related
to the cosmic epoch when signicant changes in α cease
to occur. Our numerical results show that with a natural
coupling, and using observational constraints on the na-
ture of the cold dark matter, α changes signicantly only
in the post-recombination era for as long as the expansion
is driven by non-relativistic matter. At the onset of 
domination, the expansion accelerates and α rapidly ap-
proaches a constant value. This model complies with ge-
ological constraints, like Oklo, but is consistent with the
non-zero variations in α(z) inferred from observations of
quasar absorption lines [1{3] at z  0.5−3.5. The model
is attractive because apart from the (observed) cosmolog-
ical constant value, the only free parameter introduced
is an energy scale which is set equal to the Planck scale
(the coupling ω = 1). It is also consistent with CMB and
BBN observational constraints.
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